In paper we analyze the high sensitivity of solutions to nonlinear singularly perturbed second-order dynamical systems on the initial conditions and the value of singular parameter at highest derivative of the mathematical model. Analyzing the potential profile of the system we study the oscillation patterns occurring in the system. The theory is illustrated by numerical simulation.
Introduction
Singular perturbation problem is a problem containing a small parameter, that cannot be approximated so that it would be assigned with zero value. There are several methods used for solving singular perturbation problems, among others WKB approximation, the Poincare-Lindstedt method or the analysis of multiple scales [1] .
In the following, two time scales are to be considered, i.e. slow time t and fast time τ , related by τ = t , where is a small parameter and → 0 + shall apply.
In the article, the singular perturbation theory is being used for the numerical analysis of oscillations in a specific second-order differential equation, using the well-known procedure, in which a parameter-dependent equation of the form 2 y + f (t, y) = 0 is taken into consideration. Equations of this type have been studied in numerous topical works, such as a one dimensional Schrodinger equation of the form 2 u + V (x)u − |u| α−1 u = 0, where α > 0 in [4] , an equation of the type − 2 u + a(x)W (u) = 0, where a is a positive weight function and W is a double-well potential in [5] and [13] , a Neumann problem for a p-laplacian equation exhibiting highly oscillatory solutions in [3] . The equation of the same type was studied in [16] , where the question of oscillation pattern control for nonlinear dynamical systems without the excitation of oscillatory inputs was answered, providing a novelty method for the partition of the space of initial states to the areas allowing active control of the stable steady-state oscillations. The authors in [17] studied dynamics of the forced singularly perturbed differential equation of Duffing's type. The article, aimed at explaining the appearance of the large frequency nonlinear oscillations of the solutions proposed a new method for analyzing the nonlinear oscillations based on the dynamic change of coordinates. Similarly, the dynamics of the forced singularly perturbed differential equations of Duffing's type with a potential bounded from above in the presence of a saddle-centre bifurcation was studied in [18] .
The objective of this paper is to show and to analyze the high sensitivity of solutions on the initial conditions and the value of the parameter and the the possibility of controlling the oscillation frequency and oscillation patterns based on a change in the initial conditions and parameter .
Oscillation control
Control of oscillations is an issue found in numerous technical disciplines and can be generally stated in terms of two objectives:
1. to obtain an asymptotically stable zero solution which attracts all initial conditions in a suitably large region, 2. to obtain an asymptotically stable periodic solution with desired properties (such as oscillation at the given amplitudes and frequencies) and which attracts all initial states in a suitably large region [2] .
The fact that the oscillations occur in diverse phenomena of mechanics, chemistry, biology, medicine and even economics and other areas, makes their control to be an interesting research question. Recently, non classical relaxation oscillations have been studied in the Olsen model for the peroxidase-oxidase reaction [11] and asymptotic behavior of the solutions of a semilinear parabolic problem with homogeneous Neumann boundary condition in a thin domain exhibiting highly oscillatory behavior has been considered in [14] . Slow-fast dynamics of tri-neuron Hopfield neural network with two time scales with relaxation oscillations was investigated in [20] , proving that the Hopfield neural network has the potential to reproduce the complex dynamics of real neurons. Oscillations in a slow-fast flexible joint system used for transfering the velocities in robot systems were analyzed in [7] .
Other examples can be found in several extensive works on the applications of singular perturbation, summarizing the research in this field from the first results up to 2012, see e.g. [10] , [15] , [12] and [19] .
3 Analysis of oscillation patterns in a secondorder dynamical systems
The object of interest is the dynamical system describing the singularly perturbed undamped oscillator with a continuous nonlinear restoring force
where
[y 0 , y 1 ] is an initial state, y (·, y 0 , y 1 ) is a direct output, h is a positive continuous function on [0, ∞], n ∈ N, δ > 0, and , 0 < << 1 is a singular perturbation parameter. It is instructive for future reference to keep in mind the symmetric manifold f (t, y) = 0. The parameter µ > 0 is a constant determining the distance between pitchfork arms. The function f (t, y) we are interested in takes the form
where δ > 0. We show that the solutions of the mathematical models under consideration are extremely sensitive on the initial conditions (dynamical system (3)) and parameter changes (dynamical system (4)) due to time invariance of the total energy along the trajectories. The solutions switches between the arms of the pitchfork; this situation is not allowed for case h(t) = const.
As S. H. Kellert in [9] explains chaos: "A dynamical system that exhibits sensitive dependence on initial conditions will produce markedly different solutions for two specifications of initial states that are initially very close together," and this is one of the situations with which we will dealing in paper. The second one is the sensitivity of solutions on the parameter .
The equation (1) can be rewritten into an equivalent system of three firstorder autonoumous differential equations
which is an example of singularly perturbed system, as it does not reduce into a differential equation of the same, but to a algebraic-differential reduced system, when the limit → 0 + is applied
Introducing a new variable τ , related by τ = t is another option for examining the singular limit ε → 0 + . Such a new variable enables us to rewrite the system (5) into the form of
Taking the limit → 0 + , the so-called associated system is obtained
in which t = t * = const plays a role of a parameter.
As, regarding the level of phase space structure, both systems agree when = 0, but differ significantly in the limit when = 0, the methodical base for applying the singular perturbation theory is provided, since the main goal of this theory is to understand the structure in the full system when = 0.
4 Main Results: Multi-armed pitchfork bifurcation of associated system at t * = 0
Without loss of generality we will assume hereafter that n = 1. Then the equations f (t, y) = 0, w = 0 have one solution for y, w if t * ∈ [−δ, 0] and five if t * ∈ (0, ∞), that is, the critical manifold is a multi-armed pitchfork manifold. Due to the fact that the eigenvalues of the jacobian are λ(t * , y, w) = ± − ∂f ∂y (t * , y), the associated system (7), t = t * = const has, for n = 1, one equilibrium (degenerate center with a double zero eigenvalue) for t * ∈ (−δ, 0) and five equilibria (two saddles and three centers) for t * ∈ (0, ∞), see [16] . Thus, the two pieces of critical manifold S corresponding to the saddles of associated system (7) are the normally hyperbolic submanifolds [8] .
Consider the total energy functional
with potential V (t, y) with multi-barrier and multi-well structure. We use the level surfaces H(t, y, w) = H(t) of H on [−δ, ∞) to characterize the trajectories of (5), These surfaces in (t, y, w)-space are defined by
extending it as long as w remains real. In our case such trajectories, lying on the surface w = w(t, y, ), are bounded for every small . On the interval [−δ, 0] there is a motion in a single potential well and on the interval [0, ∞), triple well with a barrier in between.
Computing the derivative of H along the solution of (5) (n = 1, for n > 1 we proceed analogously) we obtain for t > 0
For potential profile (t > 0) we have
In the present paper we study the case when h is a non constant function and the total energy of motion changes along the trajectories of the system. Numerical consequences of high sensitivity to the initial conditions and the parameter of the solutions of dynamical system (3) and (4) 
